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We study the Bloch oscillation dynamics of a spin-orbit-coupled cold atomic gas trapped inside a
one-dimensioanl optical lattice. The eigenspectra of the system is identified as two interpenetrating
Wannier-Stark ladder. Based on that, we carefully analyzed the Bloch oscillation dynamics and
found out that intraladder coupling between neighboring rungs of Wannier-Stark ladder give rise
to ordinary Bloch oscillation while interladder coupling lead to small amplitude high frequency
oscillation superimposed on it. Specifically spin-orbit interaction breaks Galilean invariance, which
can be reflected by out-of-phase oscillation of the two spin components in the accelerated frame.
The possibility of generating spin current in this system are also explored.
PACS numbers: 03.75.Mn, 67.85.Hj, 71.70.Ej
I. INTRODUCTION
Bloch oscillation describe that inside a lattice poten-
tial a particle will perform periodic oscillation instead of
constant acceleration when subject to a constant exter-
nal force. It was first proposed in electronic system [1],
however have not been observed until the use of semicon-
ductor superlattice [2] due to the small lattice constant
and imperfections in conventional crystal. The frequency
of Bloch oscillation is propotional to the applied force F ,
which can have potential application in precision mea-
surement. Besides that, the dynamics concerning parti-
cles moving in periodic structures is itself important due
to that it is a pure quantum effect and reflects the prop-
erties of energy band such as the topology [3]. These
extends people’s interest in Bloch oscillation beyond the
electronic system. Bloch oscillation have been experi-
mentally observed in optical system [4] and ultracold
atoms trapped in an optical lattice [5–7]. Recently it was
demonstrated that impurity moving in quantum liquids
can also display the behavior of Bloch oscillation [8, 9].
Theoretically Bloch oscillation can be well-understood
within adiabatical approximation in which the particles
move in Bloch energy band under the action of the force
[5]. The eigenstate of Bloch oscillation is also well-known
as Wannier-Stark ladder (WSL) [10].
On the other hand besides the external centre-of-mass
motion, particles possess internal degree-of-freedom such
as the electronic spin. Pseudospin can also be con-
structed from the atomic internal energy level structure.
Through the mechanism of spin-orbit (SO) coupling par-
ticle’s orbital motion can be connected to its spin dynam-
ics and lead to rich physics. Recently SO coupling have
∗Corresponding author: lzhou@phy.ecnu.edu.cn
been successfully implemented in neutral atom [11–13].
Along with that, interesting physics have been predicted
in SO-coupled atomic system such as dipole oscillation
[11, 14], Zitterbewegung [15, 16], spin-dependent pairing
[17], SO-modulated Anderson localization [18–20], SO-
modulated atom optics [21] and exotic dynamics [22–26].
Then it is natural to ask how Bloch oscillation will
be affected by SO interaction. In the present work we
will investigate the Bloch oscillation dynamics of SO-
coupled cold atoms in a one-dimensional optical lattice.
An important motivation lies in the recent achievement
of SO-coupled Bose-Einstein condendates (BEC) in a
one-dimensional optical lattice [22], which guarantee that
the results obtained here can be readily observed in ex-
periment. In previous theoretical works, Larson and
co-workers investigated Bloch oscillation of SO-coupled
BEC in a two-dimensional optical lattice, in which trans-
verse spin current and atomic Zitterbewegung are pre-
dicted [27]. Bloch oscillation of a SO-coupled helicoidal
molecule was studied by Caeteno in [28]. Kartashov et
al. studied Bloch oscillation in one-dimensional optical
and Zeeman lattices in the presence of SO coupling, in
which they give a detailed discussion on the amplitude
and wavepacket width of Bloch oscillation [29]. Although
the WSL eigen-spectra have been given in [29], its rela-
tion with the oscillation dynamics was not clarified yet.
Here we will solve the dynamics using the theory of WSL.
We show that one can understand the properties of Bloch
oscillation dynamics in the presence of SO coupling via
analyzing the coupling of WSLs. Especially in the case
with finite Zeeman detuning which was not considered in
[29], the two spin components will display unusual out-of-
phase oscillation. In addition we show how this can serve
as an unambiguous proof of broken Galilean invariance
caused by SO interaction. Since SO interaction can play
a crucial role in generating and manipulating spin cur-
rent [30], we’ll also look into the possibility of generating
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2spin current in the present one-dimensional system.
The article is organized as follows: In Sec. II we
present our model and the dynamics are solved with
WSL. Section III is devoted to the detailed discussion
of Bloch oscillation. The possibility of generating spin
current in the present system is explored in Sec. IV.
Finally we conclude in Sec. V.
II. MODEL
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FIG. 1: (Color online) Schematic diagram showing the system
under consideration.
As shown in Fig. 1, our model is based on the recent
experiment [22] with a 87Rb BEC prepared in a one-
dimensional optical lattice along the z-direction, inside
which the effective SO interaction is induced via coupling
the |1,−1〉 (|↓〉) and |1, 0〉 (|↑〉) hyperfine states with Ra-
man lasers. In addition to that, here we consider that
a constant external force F is exerted on the atoms via
tilting the optical lattice. The effective single-particle
Hamiltonian reads
Hˆ = HˆSO + U0 sin
2 (klz)− Fz,
HˆSO =
(
pz − Aˆ
)2
2m
+
~Ω
2
σˆx +
~δ
2
σˆz, (1)
in which the SO coupling is embodied in the effective vec-
tor potential Aˆ = −mασˆz (α = ~kR/m characterizes SO
coupling strength with kR the Raman beam wavevector),
Ω is the Raman coupling strength with δ the two-photon
detuning. The periodic potential is characterized by the
depth U0 and period d = pi/kl.
By performing lowest energy band truncation and as-
suming tight binding approximation, Hamiltonian (1)
can be expanded in the σ-Wannier basis |j, σ〉 (with j
the lattice site index) as
Hˆ =
∑
j
{[
−J
2
cos (piγ)
∑
σ
|j, σ〉 〈j + 1, σ|
+i
J
2
sin (piγ) (|j, ↑〉 〈j + 1, ↑| − |j, ↓〉 〈j + 1, ↓|)
+
~Ω
2
|j, ↑〉 〈j, ↓|+H.c.
]
− Fd
∑
σ
j |j, σ〉 〈j, σ|
+
~δ
2
(|j, ↑〉 〈j, ↑| − |j, ↓〉 〈j, ↓|)
}
(2)
in which the spin-dependent hopping matrix element
Tˆ = J exp
(
−i/~ ∫ Aˆdl) /2 is obtained through Peierls
substitution [31], J is the tunneling amplitude without
SO coupling, γ = kR/kl. J can be calculated as
J = −2
∫
dzwj+1 (z)
[
− d
2
dz2
+ U0 sin
2 (klz)
]
wj (z) ,
(3)
with wj (z) = w (z − zj) is the Wannier state of the low-
est energy band at the j-th site which can be obtained
numerically [32]. Here we consider the case of U0 > 0
with zj = jd.
In order to find out the eigenstates of Hamiltonian (2),
it will be more convienent to transform it into the Bloch
basis via the Fourier transformation [33]
|q, σ〉 =
√
d
2pi
∞∑
j=−∞
|j, σ〉 eiqjd. (4)
One can then obtain
Hˆ (q) =
〈
q
∣∣∣Hˆ∣∣∣ q〉 = ( H+d ~Ω/2~Ω/2 H−d
)
, (5)
with H±d = −J cos (qd∓ piγ)±~δ/2−iF∂/∂q. The eigen-
value problem then resort to
−iF ∂ψ↑ (q)
∂q
− J cos (qd− piγ)ψ↑ (q) + ~δ
2
ψ↑ (q)
+
~Ω
2
ψ↓ (q) = Eψ↑ (q) , (6a)
−iF ∂ψ↓ (q)
∂q
− J cos (qd+ piγ)ψ↓ (q)− ~δ
2
ψ↓ (q)
+
~Ω
2
ψ↑ (q) = Eψ↓ (q) , (6b)
where ψ (q) = [ψ↑ (q) , ψ↓ (q)]
T
is the eigenvector.
Consider that ψν (q) =
[
ψν↑ (q) , ψ
ν
↓ (q)
]T
to be the ν-th
eigensolution of Eqns. (6) with the corresponding eigen-
value Eν , it can be solved via performing the Fourier
expansion
ψν↑ (q) =
√
d
2pi
M∑
m=−M
Aνm exp
[
iqmd+ i
J
Fd
sin (qd− piγ)
]
,
ψν↓ (q) =
√
d
2pi
M∑
m=−M
Bνm exp
[
iqmd+ i
J
Fd
sin (qd+ piγ)
]
,
(7)
where Aνm and B
ν
m are expansion coefficients with the
truncation number M . Through numerical calculation
we found thatM = 50 to be a good approximation for the
parameters considered in the present work. Substitute
3(7) into Eqns. (6), one can have
~Ω
2
∑
m′
im−m
′
Jm−m′
(
2J
Fd
sin (piγ)
)
Bνm′
+
(
mFd+
~δ
2
)
Aνm = EνA
ν
m,
~Ω
2
∑
m′
(−i)m−m′ Jm−m′
(
2J
Fd
sin (piγ)
)
Aνm′
+
(
mFd− ~δ
2
)
Bνm = EνB
ν
m, (8)
with Jn (z) the nth-order Bessel functions of the first
kind. One can then numerically solve Eqns. (8) and
obtain the coefficients Aνm, B
ν
m and the corresponding
eigenenergy Eν . The Wannier amplitudes of the corre-
sponding eigenvector read
W νj,↑ =
∑
m
AνmJ−j−m
(
J
Fd
)
ei(j+m)piγ ,
W νj,↓ =
∑
m
BνmJ−j−m
(
J
Fd
)
e−i(j+m)piγ . (9)
In the case without SO coupling the eigenenergy of
Eqs. (6) is known as WSL [34], which consists of quan-
tized energy levels with equal energy spacing Fd. In
the presence of SO coupling WSL still exists, as can be
seen from the Hamiltonian (1) with Hˆ (z)ψ (z + d) =
(E + Fd)ψ (z + d). However the coupling between two
pseudo-spin states will lead to two interpenetrating WSL
which positioned symmetrically around 0 [29], with an
intra-ladder separation s, as shown in Fig. 2(a). The
inter-ladder spacing within the two WSL is still Fd. By
considering that, we can label the WSL eigenenergy with
ν1(2) and Eν1(2) = ν1(2)Fd∓ s/2. The intra-ladder spac-
ing s is a composite function of γ, Ω and δ. As shown
in Fig. 2(b), s is a periodic function of γ. When δ = 0,
s = 0 for integer values of γ, the two WSL overlaps. This
can be seen from that Eqs. 6(a) and (b) are the same by
replacing ψ↑ (q) → ψ↓ (q) at δ = 0 and integer γ, sig-
naling identical dynamics for the two spin components.
Interestingly in addition to that, at some specific values
of γ maked by asterisks in Fig. 2(b) s = Fd, also indi-
cating overlaping WSL. A nonzero δ separates the two
ladder even at γ = 0.
The relation between the WSL spectrum and dynamics
can be understood from the mean velocity. The velocity
operator can be defined as dzˆ/dt = i
[
Hˆ, zˆ
]
/~, using
the Hamiltonian (2) and assume the atomic wavefunction
|ψ (t)〉 = ∑j,σ ψj,σ (t) |j, σ〉, one can calculate the mean
velocity as
dz
dt
=
Jd
~
∑
j
Im
[
e−ipiγψ∗j,↑ (t)ψj+1,↑ (t)
+eipiγψ∗j,↓ (t)ψj+1,↓ (t)
]
. (10)
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FIG. 2: (Color online) (a) Eigenenergy spectra of the system under
consideration. The spectra consists of two interpenetrating WSL,
the intraladder spacing of both ladder is Fd while the interladder
spacing is s. (b) s versus γ at δ = 0 (black solid line), δ = 0.2Ω
(red dashed line) and δ = 0.5Ω (blue dotted line). The asterisks
mark the values of γ at which s = Fd. The other parameters are
set as J = 10Fd and ~Ω = 80Fd.
Then one can take advantage of Wannier-
Stark eigenstates by considering that ψj,σ (t) =∑
ν aνW
ν
j,σ exp (−iEνt/~) with aν =
∑
j,σW
ν∗
j,σψj,σ (0),
and the mean velocity can be expressed as
dz
dt
=
Jd
~
∑
ν,ν′
Im
a∗νaν′
∑
j
W ν∗j,↑W
ν′
j+1,↑e
−ipiγ
+
∑
j
W ν∗j,↓W
ν′
j+1,↓e
ipiγ
 ei(Eν−Eν′ )t/~
 . (11)
The particle mean position z (t) = z↑ (t)+z↓ (t) can then
be derived via integrating Eq. (11) over time, in which
z↑(↓) (t) =
∑
ν 6=ν′
Jd
Eν − Eν′ Re
a∗νaν′ ∑
j
W ν∗j,↑(↓)W
ν′
j+1,↑(↓)e
∓ipiγ
×
[
1− ei(Eν−Eν′ )t/~
]}
+ z↑(↓) (0) (12)
symbol the mean position of spin-σ component. Eq. (12)
predict that the oscillation frequencies are ruled by the
energy difference between two Wannier-Stark levels with
the amplitude of each frequency inversely propotional to
the energy distance of those Wannier-Stark states and
propotional to the overlap of their wavefunctions.
In the absence of SO coupling it is well-known that
the Wannier-Stark eigenstate W νj have the form of Bessel
function of the first kind (Jν+j (z)) with W
ν
j+1 = W
ν+1
j
[33], then
∑
jW
ν∗
j W
ν′
j+1 =
∑
jW
ν∗
j W
ν′+1
j take the value
1 for ν = ν′ + 1 and 0 otherwise. It indicates that in
the oscillation dynamics each rung of the WSL is only
coupled to its neighboring rung with the Bloch frequency
ωB = (Eν − Eν′) /~ = Fd/~ = 2pi/TB . One can notice
that in the presence of SO coupling the coupled equations
(8) indicate two WSL in which any rung of the ladder
is coupled to all the rungs of the other ladder, which
will substantially modify the Bloch oscillation dynamics.
This will be discussed in detail in the subsequent section.
4III. BLOCH OSCILLATION DYNAMICS
The Bloch oscillation dynamics have been studied in
[29] for the case of δ = 0. The results predicted there
can be well understood under adiabatical theory. When
F is weak enough not to induce interband transitions the
adiabatic approximation can be applied, under which the
atoms move adiabatically along the energy band with the
quasimomentum q (t) = q (0) + Ft/~. One can predict
that the frequency of Bloch oscillation is propotional to
Fd with the amplitude propotional to the bandwidth.
The properties of Bloch oscillation can then be captured
via further looking into the energy band structure,
which can be obtained through diagonalizing the Hamil-
tonian (5) without the force (F = 0). This result in
a two-band structure with ε± (q) = −J cos qd cospiγ ±√
J2 sin2 qd sin2 piγ − ~δJ sin qd sinpiγ + ~2δ2/4 + ~2Ω2/4.
Two major results are predicted in [29]: (i) In analogue
to increasing the potential depth U0 of the optical
lattice, SO interaction can take the same effect of
band flattening [23]. In this case the bloch oscillation
amplitude will be suppressed and thus make it difficult
to measure. An example for this is given at γ = 0.5
with the energy band shown in Fig. 3(a). (ii) Since
that in the adiabatic approximation the mean velocity
of the atom v (q) = dε (q) /~dq, the change in the band
structure indicate that the atomic dynamics will subject
to strong modification. As an example, for the band
profile at γ = 0.8 shown in Fig. 3(b), the initial atomic
moving direction will be reversed.
These phenomena can also be explained using the the-
ory of WSL. By considering that the eigenstate of the
system consists of two interpenetrating WSL, one can
group their contribution to the dynamics into two terms.
Similar to the case without SO coupling, start from
Eqs. (8) and (9) one can prove that within each lad-
der W νij+1,σ = W
νi+1
j,σ (i = 1, 2 label the two ladders) still
hold true, then according to Eq. (12) one can conclude
that in the presence of SO interaction the Bloch oscil-
lation dynamics in general are still dominated by intra-
ladder coupling between neighboring rungs within each
ladder, indicating the oscillation frequency TB . At δ = 0,
due to the symmetry between spin-↑ and ↓ components,
we have
∑
j
∣∣∣W νj,↑∣∣∣2 = ∑j ∣∣∣W νj,↓∣∣∣2 = 1/2, then according
to Eqs. (11) and (12) one can predict that z (t) = 0 at
γ = 0.5 and dz/dt < 0 at γ = 0.8 for initial small t, indi-
cating that Bloch oscillation dynamics are substantially
modified by SO interaction.
We assume that initially the atomic wavefunction
ψj (t = 0) =
(
a
√
pi
)−1/2
e−(j−j0)
2/2a2+iq0jd
(
1
0
)
, (13)
to be a spin-polarized Gaussian wave-packet with width
a, where j0 is the center of the wave-packet while q0 de-
notes the initial quasimomentum. In our calculations
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FIG. 3: (Color online) (a) and (b) Energy band for an atom in a
periodic potential U (z) = U0 sin
2 klz and subject to SO interac-
tion, with the color indicating spin polarization 〈σˆz〉. (c) and (d)
Dynamics of |ψ↑|2. (e) and (f) Dynamics of |ψ↓|2. (g) and (h)
Dynamics of the mean position z. The left column correspond to
γ = 0.5 while the right column correspond to γ = 0.8. The other
parameters are set as J = 10Fd, ~Ω = 80Fd and δ = 0.
the parameters are chosen as j0 = 0 and q0 = 0. The
dynamics are simulated using the method of eigenstate
expansion and the results are demonstrated in Figs. 3(c)-
(f), from which one can see that the results of numerical
simulation are consistent with the above theoretical anal-
ysis.
Besides intraladder coupling, interladder coupling also
contribute to the oscillation dynamics. We calculate the
value of
∑
jW
ν1∗
j,σ W
ν2
j+1,σ and found out that for relatively
large |ν1 − ν2| (approaching 100) it really matters. This
can be traced to the symmetry within WSL. Eq. (8) indi-
cate that if (Am, Bm) are eigensolutions with eigenvalue
Eν , then
(−B∗−m, A∗−m) are eigensolutions with eigen-
value −Eν . Due to the large energy difference of inter-
ladder coupling, it will superimpose small amplitude high
frequency oscillation on the dynamics dominated by in-
traladder coupling.
An interesting case is that at γ = 0.5, since the in-
traladder coupling are canceled out, then the dynamics
deviating from z = 0 is the result of interladder cou-
pling, which is shown in Fig. 3(g). One can observe
small amplitude high frequency oscillations, which be-
come prominent around t = nTB/2. Similar behavior
5can also be observed for γ = 0.8 in Fig. 3(h), in which
the small oscillations are superimposed on the traditional
Bloch oscillation.
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FIG. 4: (Color online) (a) Asymmetric energy band at δ = 0.5Ω
with the color indicating spin polarization 〈σˆz〉. (b) Dynamics of
mean position z with the exerting force F along the +z direction.
Same dynamics of z↑ (blue line) and z↓ (red line) are shown in
(d). (c) and (e) Same as (b) and (d) except that the force F is
exerted along the −z direction. (f) and (g) Mean value of pseudo-
spin 〈σˆz〉 versus time for the force F exerted along +z and −z
direction, respectively. The other parameters are set as γ = 0.2,
J = 10Fd and ~Ω = 80Fd.
The Klein four-group [29] or CPT symmetry [35] is
conserved by the Hamiltonian HˆSO +U0 sin
2 (klz) at δ =
0, then in the corresponding energy band the eigenfunc-
tions are symmetric for spin-↑ and ↓ (ψ↑ (q) = ψ↓ (−q))
at the centre and edge of Brillouin zone, which can also be
seen from Eqs. (6). Then within adiabatical theory one
can predict that 〈σˆz〉 = 0 when the atoms pass through
the centre and edge of Brillouin zone. However this sym-
metry is broken at finite δ. At finite δ the upper energy
band and the lower one are shifted to opposite directions
with respect to q = 0, as shown in Fig. 4(a). Physically
this band asymmetry can be captured through Bloch os-
cillation via exerting force in opposite directions. The nu-
merical results are shown in Figs. 4(b) and (c), in which
a force F are considered to be exerted along the +z and
−z direction, respectively. At δ = 0 one would expect
that these two dynamics are identical, here the different
dynamics signal the energy band asymmetry. Since the
atomic initial state can be viewed as the superposition
of the upper and lower eigenstate of the two bands, then
in adiabatic limit they will subject to different dispersion
under the action of the force. This cannot take place at
δ = 0 where the energy band are always symmetric and
the two bands possess almost identical dispersion. The
combined effect will lead to different oscillation dynam-
ics for the two spin components as we illustrated in Fig.
4(e), the dynamics become out-of-phase for the two spin
components. One can also notice that in Fig. 4(d) the
high frequency oscillations for the two components are
out-of-phase, this is because W ν∗j,↑W
ν′
j+1,↑ = −W ν∗j,↓W ν
′
j+1,↓
for interladder couplings. In the meanwhile, 〈σˆz〉 deviate
from 0 when the wavepacket passes through the centre
and edge of the Brillouin zone, as shown in Figs. 4(f)
and (g).
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FIG. 5: (Color online) Oscillation dynamics in the lab frame (left
column) and the accelerated frame (right column). The dynamics
of z = z↑+z↓ (first row), z↑ (middle row) and z↓ (bottom row) are
shown in black, red and blue lines respectively. The parameters are
set as γ = 0.2, J = 10Fd, δ = 0, ~Ω = 80Fd and Er/J = 8.55.
In the case without SO coupling, one can introduce
a linearly time-dependent frequency difference ∆ν (t) =
−Ft/md between the two lattice beams [5], the lattice
potential becomes U0 sin
2
[
klz − pi
∫ t
0
dτ∆ν (τ)
]
and in
an accelerated frame it is equivalent to exerting a con-
stant inertial force F on the atoms trapped in a station-
6ary lattice. However this equivalence cannot be estab-
lished in the presence of SO coupling. This is due to that
the SO Hamiltonian HˆSO breaks Galilean invariance as
the physical momentum pz − Aˆ does not commute with
HˆSO. In this case going into a moving inertial frame will
result in an additional time-dependent term −αFtσˆz in
Hamiltonian (1), which play the role as a time-dependent
effective detuning.
We calculate the oscillation dynamics in the station-
ary frame (lab frame) with the exerting force F and
that in the accelerated frame within which the atoms
are subject to an effective force F as well as an effective
time-dependent detuning −αFtσˆz, the results are shown
in Fig. 5. The dynamics in the lab frame are simu-
lated with eigenstate expansion while that in the acceler-
ated frame are calculated by means of the Fourth-order
Runge-Kutta method. Both the initial state are given
by Eq. (13). In the numerical simulation we consider
the recoil energy Er = ~2k2l /2m = 8.55J for a typical
experimental value of U0 = 4Er. As one can expect, in
the lab frame the oscillation dynamics for spin-↑ and ↓
components are in phase, as shown in Figs. 5(c) and
(e). However the dynamics shown in Figs. 5(d) and (f)
indicate that they are out-of-phase (phase separated in
the time domain) in the accelerated frame. This interest-
ing dynamics can be readily captured in experiment and
serve as a clear proof of broken Galilean invariance, which
is also the mechanism underlying other unusual behav-
iors such as the deviation of dipole oscillation frequency
in a harmonically trapped system [11, 14], the ambiguity
in defining Landau critical velocity in SO coupled con-
densates [36], finite-momentum dimer bound state in a
SO coupled Fermi gas [17] and asymmetric expansion of
SO coupled atomic Bose gas [25]. The effect of broken
Galilean invariance can be signified via introducing a fre-
quency difference between the two laser beams forming
the optical lattice [22].
IV. SPIN CURRENT GENERATION
An interesting question is how to create a spin current
with SO coupling [30]. Spin current have been experi-
mentally generated in a SO-coupled BEC via spin Hall
effect [37] and quenching [38]. In theory, Larson et al.
studied bloch oscillations of atomic BEC in a tilted two-
dimensional (2D) optical lattice [27], in which the atoms
are subject to a 2D SO interaction HˆSO ∝ pˆxσˆx + pˆyσˆy
and in turn give rise to a spin-dependent effective force
propotional to σˆz. As a result an oscillating transverse
spin current can be generated. For the present 1D system
we have
Fˆz =
[
HˆSO,
[
zˆ, HˆSO
]]
=
~3kRΩ
m
σˆyez, (14)
indicating an SO aroused effective force along ez-
direction and propotional to σˆy.
Here we would like to explore the possibility of gen-
erating spin current in the present 1D system with this
effective force. As suggested by Shi et al. [39], the spin
current operator along the z-direction can be defined as
Jˆ iS (t) =
d
dt
(σˆizˆ) . (15)
Follow the very similar procedure as deducing Eqs. (10)
and (11), make use of the WSL eigenstate, the mean-
value of σz-component of spin current can be calculated
as
JzS (t) =
∑
j
Im
[
Jd
~
e−ipiγψ∗j,↑ (t)ψj+1,↑ (t)
−Jd
~
eipiγψ∗j,↓ (t)ψj+1,↓ (t) + 2Ωdjψ
∗
j,↑ (t)ψj,↓ (t)
]
=
∑
ν,ν′
Im
a∗νaν′ ∑
j
[
Jd
~
W ν∗j,↑W
ν′
j+1,↑e
−ipiγ
−Jd
~
W ν∗j,↓W
ν′
j+1,↓e
ipiγ + 2ΩdjW ν∗j,↑W
ν′
j,↓
]
ei(Eν−Eν′ )t/~
}
,
(16)
which predicts that in addition to the coupling between
different rungs, the last term in Eq. (16) indicate that
the coupling between spin-↑ and ↓ components also con-
tribute to the spin current, resulting from that the effec-
tive force Fˆz is propotional to σˆy.
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FIG. 6: (Color online) (a) Energy band at γ = 1 and δ = 0. (b)
Dynamics of mean position z. (c) Dynamics of the spin current
JzS . The parameters are set as J = 10Fd and ~Ω = 80Fd with
the atoms initially prepared in a Gaussian wavepacket (13).
In order to illustrate the contribution of this term, one
can choose γ = 1 at which the major intraladder contri-
bution from first two terms in Eq. (16) canceled out at
δ = 0 due to the symmetry. Physically it is equivalent
to that the two spin components are performing identical
Bloch oscillation and in the meanwhile subject to on-site
Raman coupling, as one can see from the Hamiltonian
(2). In the case 〈σˆz〉 = 0 for the Bloch eigenstate with-
out the force. We then numerically calculate JzS (t) and
7the results are shown in Fig. 6. One can expect that
in the absence of Raman coupling no spin current can
be generated since that spin-↑ and spin-↓ components
both move adiabatically along the energy band and ex-
hibit typical properties of Bloch oscillation, as can be
seen from Fig. 6(a) and (b). The small amplitude high
frequency oscillation is aroused by interladder coupling
as we discussed in Sec. III. The time evolution of spin
current JzS exhibit the behavior of collapse and revival
shown in Fig. 6(c), reminiscent of the Jaynes-Cummings
model in quantum optics [40]. This collapse and revival
behavior can be understood as a result of the complex
interplay between the external force F and the intrinsic
force FSO = ~kRΩσˆy/2 aroused by SO interaction. One
can also understand this collapse and revival behavior
the same as Zitterbewegung [27]. Zitterbewegung results
from coherent coupling between eigenstates of Dirac cone
with different helicity [41] and have been successfully ob-
served in experiment with cold atoms [15, 16], while here
the trembling oscillation is aroused by spin swapping.
We also examined the case with finite Zeeman detun-
ing. As one can expect, although the spin-↑ and spin-↓
components are performing different oscillation, it will be
immersed in the dynamics aroused by Raman coupling
and in general the spin current will exhibit the dynamics
of collapse and revival. In order to achieve constant direc-
tional spin current, one can either adapt time-dependent
SO coupling [42] or unbiased external force [43].
V. SUMMARY AND OUTLOOK
Before concluding the paper, we need to note that in
the presence of SO interaction one should be very careful
while using the above lowest energy band truncation. As
was pointed out by Zhou and Cui [44], in this case tight-
binding models have limitations in predicting the cor-
rect single-particle physics due to the missed high-band
contributions. Physically the Raman lasers inducing SO
interaction also inevitably couple atoms to high-lying
bands which will significantly affect the single-particle
physics [24]. Experimentally atomic BEC can also be
prepared in excited bands of an optical lattice [45]. Ao
and Rammer also pointed out that high-band contribu-
tions can substantially affect the Bloch oscillation dy-
namics [46]. Contributions from higher Bloch bands will
be important and interesting in orbital optical lattices
[47]. By considering that, we compare the results pre-
sented in this work with those obtained through numeri-
cal simulation of the corresponding Schrodinger equation
and found good agreement in the case of large energy gap
and small external force.
In summary, we have studied the Bloch oscillation dy-
namics of a SO-coupled cold atomic gas trapped inside
a 1D optical lattice. The eigen-spectra of the system
have been identified as two interpenetrating WSL. The
Bloch oscillation dynamics in this system can be well-
understood via analyzing the coupling between different
rungs of the WSL. In the presence of finite Zeeman detun-
ing, we show that the two spin components can display
out-of-phase oscillation. This can also serve as an un-
ambiguous proof of broken Galilean invariance aroused
by SO coupling. In addition to that, we numerically ex-
plored the possibility of generating spin current in the
present system. Since SO interaction have been imple-
mented in BEC in a 1D optical lattice [22], our findings
of the interesting dynamical phenomena should be within
reach of present-day experiments. For BEC it will be in-
teresting to study the impact of interparticle collisions on
Bloch oscillation [48] and spin current generation, which
can be investigated by the Gaussian variational approach
[49, 50]. It will also be interesting to investigate Landau-
Zener tunneling [51, 52]. These will be left for further
investigation.
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